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Abstract
We evaluate several quantities appearing in the effective lagrangian
for the color-flavor locked phase of high density QCD using a formal-
ism which exploits the approximate decoupling of fermions with energy
negative with respect to the Fermi energy. The effective theory is es-
sentially two-dimensional and exhibits a Fermi velocity superselection
rule, similar to the one found in the Heavy Quark Effective Theory.
Within the formalism we reproduce, using gradient expansion, the
results for the effective parameters of the Nambu-Goldstone bosons.
We also determine the dispersion laws for the gluons. By coupling the
theory to fermions and integrating over the two-dimensional degrees
of freedom we obtain the effective description of in-medium fermions.
1 Introduction
QCD at high density is expected to be in a chirality breaking color supercon-
ducting phase due to formation of quark Cooper pairs [1],[2]. In QCD with
three massless quarks one expects simultaneous breaking of color and flavor
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simmetries into a residual diagonal color-flavor locked symmetry (CFL). The
physical description and consequences have been discussed by a number of
authors [3, 4, 5, 6]. A formalism has been recently proposed [7] and [8] to deal
with the color superconducting phase. It takes advantage of the approximate
decoupling of the states of a massless fermion of energy distant with respect
to the Fermi surface. We shall first summarize the main consequences of
such a description, with emphasis on its implied velocity superselection rule,
similar to that familiar in the Heavy Quark Effective Theory (HQET) [9],
and on its essentially two-dimensional features, due to the special relevance
of momenta parallel to the Fermi velocity. We shall then calculate in this for-
malism the effective parameters of the goldstones, reobtaining results derived
by other methods. Next we shall calculate the dispersion laws for the gluons
and discuss the various masses that can be defined for the scalar, longitudinal
and transverse gluons, i.e. their rest mass, the effective mass and the inverse
of the penetration length. After having coupled the theory to fermions we
obtain the effective description of in-medium fermions, by integrating over
the two-dimensional degrees of freedom.
In section 2 we discuss the effective theory on the Fermi surface. In section
3 we write down the effective lagrangian for the fermions and the goldstones.
In section 4 we perform the gradient expansion on the generating functional.
We discuss the gluon polarization tensor in section 5. In section 6 we treat
the effective description of in-medium fermions.
2 Effective theory on the Fermi surface
As discussed in the introduction, we will make use of the formalism devel-
oped in refs. [7, 8] to evaluate several quantities appearing in the effective
lagrangian [4] describing the CFL phase of QCD at high density. This for-
mulation is based on the observation that, at very high-density, the energy
spectrum of a massless fermion is described by states |±〉 with energies
E± = −µ± |~p | , (1)
where µ is the is the quark number chemical potential. For energies much
lower than the Fermi energy µ, only the states |+〉 close to the Fermi surface.
i.e. with |~p | ≈ µ, can be excited. On the contrary, the states |−〉 have
E− ≈ −2µ and therefore they decouple leaving in the physical spectrum only
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the states |+〉 and the gluons. This can be seen more formally by writing
the four-momentum of the fermion as
pµ = µvµ + ℓµ , (2)
where vµ = (0, ~vF ), with |~vF | = 1. Since the hamiltonian for a massless Dirac
fermion in a chemical potential µ is
H = −µ+ ~α · ~p , ~α = γ0~γ , (3)
one has
H = −µ(1− ~α · ~vF ) + ~α · ~ℓ . (4)
Then, it is convenient to introduce the projection operators
P± =
1± ~α · ~vF
2
, (5)
such that
H|+〉 = ~α · ~ℓ |+〉, H|−〉 = (−2µ+ ~α · ~ℓ) |−〉 . (6)
In terms of fields, the momentum decomposition in eq. (2) and the projection
of the states |±〉 can be realized through
ψ(x) =
∑
~vF
e−iµv · x [ψ+(x) + ψ−(x)] , (7)
where
∑
~vF
is an average over the Fermi velocities, and the velocity-dependent
fields ψ±(x) are given by:
ψ±(x) = e
iµv · x
(
1± ~α · ~vF
2
)
ψ(x) =
∫
|ℓ|<µ
d4ℓ
(2π)4
e−i ℓ · xψ±(ℓ) . (8)
Introducing the four-vectors
V µ = (1, ~vF ), V˜
µ = (1,−~vF ) , (9)
it is easy to derive the following identities
ψ¯+γ
µψ+ = ψ
†
+V
µψ+
ψ¯−γ
µψ− = ψ
†
−V˜
µψ−
ψ¯+γ
µψ− = ψ¯+γ
µ
⊥ψ−
ψ¯−γ
µψ+ = ψ¯−γ
µ
⊥ψ+ . (10)
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where
γµ⊥ =
1
2
γν
(
2gµν − V µV˜ ν − V˜ µV ν
)
. (11)
Substituting into the Dirac part of the QCD lagrangian density one obtains
L =∑
~vF
[
ψ†+iV ·Dψ+ + ψ†−(2µ+ iV˜ ·D)ψ− + (ψ¯+iD/ ⊥ψ− + h.c.)
]
, (12)
where D/ ⊥ = Dµγ
µ
⊥ and Dµ is the usual covariant derivative. We notice that
the fields appearing in (12) are evaluated at the same Fermi velocity because
off-diagonal terms are cancelled by the rapid oscillations of the exponential
factor in the µ → ∞ limit. This behaviour is similar to that in the Heavy
Quark Effective Theory [9], and can be referred to, by analogy, as the Fermi
velocity superselection rule.
At the leading order in 1/µ one has
iV ·Dψ+ = 0, ψ− = − i 1
2µ
γ0D/ ⊥ ψ+ , (13)
showing the decoupling of ψ− in the µ → ∞ limit. Therefore, in this limit,
the ψ− field plays no role, except in those loop diagrams, of the order of µ
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instead of µ2, where the 1/µ factor in (13) is eaten by the extra µ factor
from the momentum integration. We shall see an example in Section 5. The
equation for ψ+ shows also that only the energy and the momentum parallel
to the Fermi velocity are relevant variables in the problem. We have an
effective two-dimensional theory.
In conclusion at the next to leading order in µ we have
L =∑
~vF
[
ψ†+iV ·Dψ+ −
1
2µ
ψ†+(D/ ⊥)
2ψ+
]
. (14)
Further terms in the 1/µ expansion can be found in [7].
The previous remarks apply to any theory describing massless fermions
at high density. In the case of CFL phase of QCD, in order to implement
correctly the symmetry properties, one has to consider left- and right-handed
fermions transforming respectively as the (3, 1, 3) and (1, 3, 3) representa-
tions of SU(3)L⊗SU(3)R⊗SU(3)c. Therefore we will consider for each left-
and right-handed field an effective two-dimensional theory as outlined above.
The next step will be to couple this theory in a SU(3)L ⊗ SU(3)R ⊗ SU(3)c
4
invariant way to Nambu-Goldstone bosons (NGB) describing the appropriate
breaking
SU(3)L ⊗ SU(3)R ⊗ SU(3)c → SU(3) (15)
for the CFL phase. Using a gradient expansion we will get an explicit expres-
sion for the decay coupling constant of the Nambu-Goldstone boson as well
as for its velocity, whose value v = 1/
√
3 is interpreted as a consequence of
the average over the Fermi velocities. These quantities have been obtained
previously by different methods [6]. By the same formalism we will deter-
mine the dispersion law for the gluons in the µ → ∞ limit. Finally we will
couple the theory to external fermions. Integrating out the two-dimensional
degrees of freedom we will get an effective theory describing NGB’s and the
in-medium fermions.
3 Couplings to the Goldstone fields
Let us recall the effective description of the CFL phase given in ref. [4]. The
symmetry breaking is induced by the condensates
〈ψLaiψLbj〉 = −〈ψRaiψRbj〉 = γ1 δaiδbj + γ2 δajδbi , (16)
where ψ
L(R)
ai are Weyl spinors and a sum over spinor indices is understood.
The indices a, b and i, j refer to SU(3)c and SU(3)L (or SU(3)R) respectively.
One then introduces SU(3) matrix-valued fields X and Y transforming under
the symmetry group SU(3)c ⊗ SU(3)L ⊗ SU(3)R as left-handed and right-
handed fermions respectively. That is
X → gcXgTL , Y → gcY gTR . (17)
Using the gauge freedom associated to SU(3)c it is possible to choose a gauge
such that X = Y †. The condensates of eq. (16) break also U(1)V ⊗ U(1)A
and as a consequence one also needs to introduce the related Goldstone fields.
However we will not discuss these fields in this paper since all the calculations
presented here are trivially extended to them [6].
The invariant coupling between fermions and Goldstone fields reproducing
the symmetry breaking pattern of eq. (16) is proportional to
γ1 Tr[ψ
T
LX
†]C Tr[ψLX
†] + γ2 Tr[ψ
T
LCX
†ψLX
†] + h.c. , (18)
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and analogous relations for the right-handed fields. Here the spinors are
meant to be Dirac spinors and C = iγ2γ0 is the charge-conjugation matrix.
The trace is operating over the group indices of the spinors and of the Gold-
stone fields. Since the vacuum expectation value of the Goldstone fields is
〈X〉 = 〈Y 〉 = 1, we see that this coupling induces the correct breaking of the
symmetry. In the following we will consider only the case γ2 = −γ1 ∝ ∆/2,
where ∆ is the gap parameter. This choice corresponds to a condensate be-
haviour as the (3, 3) representation of SU(3)c ⊗ SU(3)L,R. This situations
seems the one which is favorite by the dynamical analysis made in ref. [2].
Again, the calculations presented here can be easily extended to the more
general situation where the condensate behaves as (3, 3)⊕ (6, 6). By our
choice here the condensate has the form
〈ψLaiψLbj〉 = −〈ψRaiψRbj〉 = γ1 ǫabIǫijI , (19)
and the invariant coupling of eq. (18) can be written as
− ∆
2
∑
I=1,3
Tr[(ψX†)TCǫI(ψX
†)ǫI ] , (20)
where, now, also ψ is considered as a 3×3 matrix and the matrix ǫI is defined
as
(ǫI)ab = ǫIab . (21)
Notice that for any SU(3) matrix g one has the identity
gT ǫIg = ǫI′(g
†)I′I . (22)
Then it is easy to show that our expression for the coupling is equivalent to
the one used by the authors of ref. [5]
− ∆
2
∑
I=1,3
Tr[(ψX†)TCǫI(ψX
†)ǫI ] = −∆
2
∑
I,I′=1,3
Tr[ψTCǫIXII′ψǫI′ ] . (23)
Since the transformation properties under the symmetry group of the
fields at fixed Fermi velocity, as introduced in the previous section, do not
differ from those of the quark fields, for both left-handed and right-handed
fields we get the effective lagrangian density
L1 =
∑
~vF
1
2
[ 9∑
A=1
(
ψA†+ iV ·DψA+ + ψA†− iV˜ ·DψA− −∆A
(
ψA−
T
CψA+ + h.c.
))
6
− ∆ ∑
I=1,3
(
Tr[(ψ−X
†
1)
TCǫI(ψ+X
†
1)ǫI ] + h.c.
) ]
, (24)
where we have introduced the fields
ψ± =
1√
2
9∑
A=1
λAψ
A
± , (25)
and λa (a = 1, ..., 8) are the Gell-Mann matrices normalized as follows:
Tr(λaλb) = 2δab and λ9 =
√
2/3 1. Furthermore ∆1 = · · · = ∆8 = ∆
and ∆9 = −2∆ and X1 = X − 1. Notice that the NGB fields couple to
fermionic fields with opposite Fermi velocities. In this expression, as in the
following ones, the field ψ− is defined as ψ+ with ~vF → −~vF , and therefore it
is not the same as the one defined in (8). In the previous lagrangian we have
also separated the free quadratic terms in the fermionic fields. These terms
can be rewritten in a more compact way by introducing the following fields
χ =
(
ψ+
Cψ∗−
)
, (26)
It is important to realize that the fields χ and χ† are not independent vari-
ables. In fact, since we integrate over all the Fermi surface, the fields ψ∗− and
ψ+, appearing in χ, appear also in χ
† when ~vF → −~vF . In order to avoid
this problem we can integrate over half of the Fermi surface, or, taking into
account the invariance under ~vF → −~vF , we can simply integrate over all the
sphere with a weight 1/8π instead of 1/4π:
∑
~vF
=
∫ d~vF
8π
. (27)
Then the first three terms in the lagrangian density (24) become
L0 =
∫
d~vF
8π
1
2
9∑
A=1
χA†
[
iV ·D ∆A
∆A iV˜ ·D∗
]
χA , (28)
so that, in momentum space the free fermion propagator is
SAB(p) =
2δAB
V · p V˜ · p−∆2A
[
V˜ · p −∆A
−∆A V · p
]
. (29)
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We note explicitly that at this stage, since we have integrated out the degrees
of freedom of the gluons in order to obtain the condensate appearing in eq.
(24), the gluon field appearing in the covariant derivative in (28) has to be
interpreted as an external field. From eq. (28) we can read also the fermionic
current which is given by
Jaµ =
1
4
(√2
3
8∑
a=1
(
χ9†
[
Vµ 0
0 −V˜µ
]
χa + h.c.
)
+
8∑
b,c=1
χb†
[
Vµgbac 0
0 −V˜µg∗bac
]
χc
)
, (30)
where
gabc = dabc + ifabc , (31)
and the symbols dabc , fabc are defined, as usual, by λaλb + λbλa = 2dabcλc +
4
3
δab and λaλb − λbλa = 2ifabcλc .
Moreover, expanding the NGB fields
X = exp i
(
λaΠ
a
2F
)
, a = 1, · · · , 8 , (32)
we get, considering terms up to the second order in the Goldstone fields:
X1 = i
λaΠ
a
2F
− λaλbΠ
aΠb
8F 2
. (33)
Using these expressions, the trilinear coupling of the NGB’s to the fermions
arising from the last term in (24) can be written as
LχχΠ =
∫
d~vF
8π
i∆
2F
×
 8∑
a=1
(
χ9†
[
0 −1
1 0
]
χa
Πa√
6
+ h.c.
)
−
8∑
a,b,c=1
dabcχ
a†
[
0 −1
1 0
]
χbΠc

 .(34)
The quadrilinear coupling of two Goldstone bosons to two fermions is
LχχΠΠ =
∫
d~vF
8π
{ 4
3
8∑
a=1
∆
16F 2
χ9†
[
0 +1
1 0
]
χ9 ΠaΠa
8
+3
√
2
3
8∑
a,b,c=1
(
∆
16F 2
dabcχ
c†
[
0 +1
1 0
]
χ9 ΠaΠb + h.c.
)
−
8∑
a,b,c,d=1
∆
16F 2
habcdχ
c†
[
0 −1
1 0
]
χdΠaΠb
}
, (35)
where
habcd = 2
8∑
p=1
(gcapgdbp + dcdpdabp) − 8
3
δacδdb +
4
3
δcdδab . (36)
4 Gradient expansion
We will treat the Goldstone bosons as external fields and we will perform a
derivative expansion of the generating functional. This will give rise to the
effective action for the NGB’s. At the lowest order the relevant diagrams
with two external NGB lines are the ones in Fig. 1. As previously discussed,
a) b)
Fig. 1 - One-loop diagrams in the gradient expansion. Dotted lines are the
external fields, full lines are fermion propagators.
since the fermions live effectively near the Fermi surface, the four-dimensional
momentum integration can be reduced to a two-dimensional one according
to the formula ∫ d4ℓ
(2π)4
=
µ2
π
∫ d2ℓ
(2π)2
, (37)
where d2ℓ = dℓ0dℓ‖; notice that effectively the integration limits are (−µ,+µ).
In the Feynman rules one has also to take into account a factor 2 coming
from the contribution of left-handed and right-handed fermions.
The tadpole diagram contributes only to the mass term and it is essen-
tial to cancel the external momentum independent term arising from the
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other diagram. Therefore, as expected, the mass of the NGB’s is zero. The
contribution at the second order in the momentum expansion is given by
i
21− 8 ln 2
72π2F 2
∫
d~vF
4π
8∑
a=1
Πa V · p V˜ · pΠa . (38)
Integrating over the velocities and going back to the coordinate space we get
Lkineff =
21− 8 ln 2
72π2F 2
8∑
a=1
(
Π˙aΠ˙a − 1
3
|~∇Πa|2
)
. (39)
We can now determine the decay coupling constant F through the require-
ment of getting the canonical normalization for the kinetic term; this implies,
non nova sed nove,
F 2 =
µ2(21− 8 ln 2)
36π2
, (40)
a result already obtained by other authors with a different method.
In this formalism the origin of the goldstone velocity 1/
√
3 is a direct
consequence of the integration over the Fermi velocity. Therefore it is com-
pletely general and applies to all the NGB’s in the theory, including the ones
associated to the breaking of U(1)V and U(1)A; needless to say, higher order
terms in the expansion 1/µ could change this result.
The breaking of the Lorentz invariance, exhibited by the pion velocity
being different from one, can be seen also in the matrix element 〈0|Jaµ|Πb〉.
This can be evaluated using the Feynman diagram of Fig. 2. The result,
Fig. 2 - Diagram contributing to the matrix element of the fermionic cur-
rent between the CFL vacuum and the single NGB state. The dotted line
represents the Goldstone boson, the wavy line the current and the internal
lines correspond to fermions.
after the integration over the Fermi velocity is
〈0|Jaµ|Πb〉 = iF δabp˜µ, p˜µ = (p0,
1
3
~p) , (41)
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where we have made use of the previous result for F . It is interesting to
notice that the current is conserved, as the dispersion law for the NGB’s has
the form p · p˜ = p20 − 1/3|~p |2 = 0.
5 Dispersion law for the gluons
The dispersion law for the in-medium gluons can be derived by the same
formalism used in the previous section. It is equivalent to consider the po-
larization tensor Πµν(p). Its one-loop contribution is obtained by computing
diagrams analogous to the ones in Fig. 1 (with external lines representing
currents Jaµ , J
b
ν as given by (30)). The result of the first diagram (Fig.1 a)
is:
Πµνab (p)
∣∣∣
1a
= Πµνab (0) + δΠ
µν
ab (p) (42)
where
Πµνab (0) =
µ2g2s
4π
δab
∫
d~vF
4π
Σ0,µν , (43)
δΠµνab (p) =
µ2g2s
4π
δab
∫
d~vF
4π
Σµν , (44)
and
Σ0,µν = k1(V
µV ν + V˜ µV˜ ν) + k2(V
µV˜ ν + V˜ µV ν) , (45)
Σµν = a
(
V µV ν
(V˜ · p)2
∆2
+ V˜ µV˜ ν
(V · p)2
∆2
)
+ b
(
V µV˜ ν + V˜ µV ν
) V · p V˜ · p
∆2
.
(46)
In the previous formulas we have included terms up to the second order in
momenta. The coefficients are given by
a =
1
108π
(
31− 32
3
ln 2
)
(47)
b =
10
108π
(
1− 8
3
ln 2
)
(48)
k1 =
3
2π
(49)
k2 = − 1
9π
(3 + 4 ln 2) . (50)
To this result one should add the contribution arising from the tadpole dia-
gram of Fig. 1b (with, also in this case, external lines representing fermionic
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currents Jaµ, J
b
ν). This diagram arises from the last term in (14). It can be
computed by performing first the integration over the energy ℓ0 and subse-
quently over the longitudinal momentum ℓ‖ [6]. This integration introduces
an extra factor µ besides the µ2 factor arising from the integration over the
Fermi surface. The result is independent on the external momentum p and
is given by:
Πµνab (0)
∣∣∣
1b
= ∆Πµνab (0) =
µ2g2s
4π
δab
∫
d~vF
4π
Σ0,µνB , (51)
with
Σ0,µνB = k1
[
2gµν − V µV˜ ν − V νV˜ µ
]
. (52)
From Πµνab (0)+∆Π
µν
ab (0) we can read the one-loop contributions to the Debye
and Meissner mass
m2D = g
2
sF
2 =
µ2g2s
36π2
(21− 8 ln 2) , (53)
and
m2M =
µ2g2s
π2
(
−11
36
− 2
27
ln 2 +
1
2
)
=
m2D
3
, (54)
where the first two terms are the result of the diagram of Fig.1a and the last
one is the result of the diagram of Fig. 1b (this contribution is called the
bare Meissner mass in [6]). These results agree with the findings of other
authors [6], [10]. In particular m2M = v
2m2D, where v, the NGB velocity, is
equal to 1/
√
3.
It may be noted, in passing, that the polarization tensor Πµνab (p)
∣∣∣
1a+1b
satisfies a Ward identity in the soft NGB limit. In fact, let us consider the
amplitude pνΠ
µν
ab (p), with Π
µν
ab (p) = Π
µν
ab (p)
∣∣∣
1a+1b
, in the p → 0 limit. In this
kinematical regime it should be dominated by the massless NGB pole and it
should be proportional to 〈0|Jaµ|Πb〉 = iF δabp˜µ . In the p → 0 limit we find
indeed
pνΠ
µν
ab (p) ∝ p˜µ . (55)
For this behaviour to be found it is essential to include both diagrams of
Fig.1.
In order to derive the dispersion law for the gluons, we first write the
equations of motion for the gluon field Abµ in momentum space and high-
density limit:
Πνµab A
b
µ = 0 , (56)
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from which we obtain
pνΠ
νµ
abA
b
µ = 0 , (57)
i.e. for all the gluons:
p0A0 =
1
3
(~p · ~A) + ... , (58)
where the ellipsis denotes terms of the third order in the gluon momenta that,
consistently with our approximation, we neglect. Substituting this result in
(56) taken for ν = 0 one gets the dispersion law for the time-like gluons Ab0
3α1E
2 − α1 |~p |2 = m2D (59)
with the factor 3 arising from the coupling of A0 to Ai in the equation of
motion and the use of eq. (58). This gives
p0 = ±EA0, EA0 =
1√
3
√
|~p |2 + m
2
D
α1
, (60)
with
α1 =
µ2g2s
6∆2π
(a− b) = µ
2g2s
216∆2π2
(
7 +
16
3
ln 2
)
. (61)
Notice that the rest mass of Ab0 is given by
mRA0 =
mD√
3α1
=
√
6
21− 8 ln 2
21 + 16 ln 2
∆ ≈ 1.70∆ . (62)
This result may appear surprising since the Debye and the Meissner masses
are of the order gsµ. However one should take into account that the renor-
malization of the coefficient of E2 (that is α1), arising from the polarization
tensor, redefines the physical mass by a factor proportional to ∆/gsµ and the
coupling constant gs as well. Actually there are various different ”masses”
which can be defined, apart from the rest mass, when we consider the low
momentum limit. For instance we can consider the inverse of the penetration
length, mPA0 , defined for E → 0 as the ratio between the mass term and the
coefficient of |~p |2. This mass is given by
mPA0 =
√
3mRA0 ≈ 2.94∆ . (63)
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We can finally define a third mass, sometimes called effective mass, m∗, by
considering the ratio between the spatial momentum and the velocity, i.e. by
looking at the following expression
~v =
∂E
∂~p
=
~p
m∗(p)
(64)
in the limit ~p→ 0, that is
m∗ = m∗(0) . (65)
The meaning of this last mass for ordinary particles would be the coefficient
appearing in the kinetic energy term. One obtains
m∗A0 =
√
3
α1
mD = 3m
R
A0
≈ 5.10∆ . (66)
Let us now turn to the dispersion law for ~Aa; we consider (56) for ν = i
and use again (58). We introduce longitudinal and transverse components:
Ai aL =
~p · ~Aa
|~p|2 p
i
Ai aT = A
i a −Ai aL , (67)
and we project the equations of motion along the longitudinal and trans-
verse direction. The results for the longitudinal and transverse cases are
respectively
α1 E
2 − α2 |~p |
2
3
=
m2D
3
α1E
2 − α3 |~p |2 = m
2
D
3
(68)
from which
EAL =
1√
3
√
|~p |2α2
α1
+
m2D
α1
EAT =
√
|~p |2α3
α1
+
m2D
3α1
, (69)
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with
α2 =
µ2g2s
30∆2π2
(a− 9b) = − µ
2g2s
3240∆2π2
(
59− 688
3
ln 2
)
α3 = − µ
2g2s
30∆2π2
(a+ b) = − µ
2g2s
3240∆2π2
(
41− 112
3
ln 2
)
. (70)
We get easily the following results
mRAL = m
R
AT
= mRA0 =
mD√
3α1
≡ mR . (71)
Since α3 is large and negative, the inverse of the penetration lenght looses
its meaning for AT . On the other hand we get
mPAL =
mD√
α2
=
√
3α1
α2
mR ≈ 3.73∆ . (72)
We get also
m∗AL =
√
3α1
α2
mD = 3
α1
α2
mR ≈ 8.19∆
m∗AT =
1√
3
√
α1
α3
mD =
α1
α3
mR ≈ − 18.04∆ . (73)
Since m∗AT is negative, the spectrum of the quasi-particles associated to the
transverse gluons has a maximum for |~p| = 0, which means that at very
small temperatures, which is the limit in which we work, these quasi-particles
are unlikely to be produced: this situation reminds the spectrum of the
elementary excitations of superfluid He4 that, besides the phonon and roton
parts, presents a maximum for intermediate momenta.
It can be useful to note that all these mass scales are determined in
terms of the common rest mass mR and of the ratios α1/α2 ≈ 1.61 and
α1/α3 ≈ −10.61.
6 In-medium fermions
To obtain the effective description for the in-medium fermions, let us intro-
duce for both the left-handed and right-handed fermion fields χ (= χL, χR)
external fields Ψ (= ΨL, ΨR). By defining
η± = P±Ψ , (74)
15
and
Φ =
(
η+
Cη∗−
)
, (75)
with P± given in (10), we can couple the external field Φ to the field χ (for
simplicity we consider here a single Fermi field). Then we have a lagrangian
density
L = L0 + Lsource =
∫ d~vF
8π
(
χ†S−1χ+ χ†Φ + Φ†χ
)
, (76)
with
S−1 =
1
2
[
iV ·D ∆
∆ iV˜ ·D∗
]
. (77)
Integrating over the field χ, or eliminating it through the equations of motion,
we get an effective action for Φ
Leff =
∫
d~vF
8π
2
∆2
Φ†
[
iV˜ ·D∗ −∆
−∆ iV ·D
]
Φ , (78)
where we have made an expansion for low momenta and small coupling con-
stant. By re-expressing Φ in terms of Ψ and performing the integration over
the Fermi velocity we get
Leff =
(
Ψ¯, Ψ¯c
) [ iγˆ ·D∗ ∆
∆ iγˆ ·D
] (
Ψ
Ψc
)
, (79)
where we have defined
Ψc = CΨ¯
T , (80)
and
γˆµ = (γ0, − 1
3
γi) , (81)
and we have scaled the field as Ψ
Ψ→ 1√
2∆
Ψ . (82)
One can notice that the origin of the 1/3 in the lagrangian is again due to
the average on the Fermi velocity.
The dispersion relation for the field Ψ is
p˜2 −∆2 = 0, p˜µ = (p0, 1
3
~p) , (83)
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giving rise to
p0 = ±E, E = 1
3
√
|~p |2 + 9∆2 . (84)
We see that the rest mass is given by ∆. The velocity of in-medium fermions
is
~v =
∂E
∂~p
=
1
3
~p√
|~p |2 + 9∆2
. (85)
and therefore, using the same definition as in the previous Section for m∗
m∗ = 9∆ . (86)
It is tempting, even if not reliable within our approximation, to consider the
large |~p | limit; for |~p | ≫ 3∆ one would get
|~v | = 1
3
, (87)
to be compared to the velocity of the NGB’s given by 1/
√
3.
7 Conclusions
After a presentation of the basic points of the formalism, we have discussed
the couplings of the goldstones and their effective lagrangian. We have writ-
ten down explicitly the needed trilinear couplings of the goldstones to the
fermions and the quadrilinear couplings of two goldstones to two fermions.
To explicitly obtain the parameters of the effective action for the goldstones
we have performed a derivative expansion of the generating functional. In
this way we obtain the known results at one loop order. The value of the
velocity of the goldstones appears explicitly as following from the integra-
tion over the Fermi velocity. We have then discussed the in-medium gluon
polarization tensor. At the one loop order the formalism reproduces the cor-
rect values for the Debye and Meissner masses. The dispersion laws for both
scalar and vector gluons follow from the gluon field equations of motion in the
limit of high density; from them the various masses of the scalar, longitudinal
and transverse gluons have been computed, i.e. the rest mass, the effective
masses and the inverse of the penetration lenght. A main development has
been the derivation of the effective description for in-medium fermions. We
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have introduced fermion external fields, both left- and right-handed, to be
coupled to the dynamical fermion fields. After integrating over the dynamical
fermions we have obtained an effective action and the fermionic dispersion
relation in terms of the gap parameter. This provides for a value of the
in-medium fermion mass and shows again the role played by the integration
over the Fermi velocity.
The theory of color-flavor locking, as developed and studied by many
authors, has undoubtedly an intrinsic beauty and the high density fermionic
formalism used here provides for a simple and appealing description. It
remains to be seen to which physical situations of matter under extreme
conditions the theory can usefully be applied, most probably by including
additional perturbations.
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